We introduce the notion of generalized Weyl system, and use it to define * -products which generalize the commutation relations of Lie algebras. In particular we study in a comparative way various * -products which generalize the κ-Minkowski commutation relation.
Introduction
The recent nearly explosive interest in Noncommutative Geometry [1, 2] has been mainly concentrated on a noncommutative space on which the coordinates have the canonical structure [3, 4] , their commutator being a constant:
[x µ , x ν ] = −iθ µν (1.1) This is of course just an example of a noncommutative space, albeit a very important one for its connections with quantum mechanics. In general, one of the most fruitful ways to deal with such spaces is via the definition of a deformation of the usual product among functions on the space. This way the noncommutative space is studied as the structure space of a deformed * -algebra 1 . The definition of this * -algebra is very important, as it is the first step towards the use of Connes' machinery for the construction of physical theories, and the construction of field theories on noncommutative spaces. In the deformed algebra, functions are not multiplied with the commutative (pointwise) product, but with a new, noncommutative, product. For example equation (1.1) becomes
One of the ways to reproduce this relation is via the introduction of the Moyal product [5] :
(f ⋆ g)(x) := 1 (π 2n ) det(θ) R 2n R 2n d 2n y d 2n ze 2i(x t θ −1 y+y t θ −1 z+z t θ −1 x) f (y)g(z) (1.3) This product is probably more familiar with the asymptotic expansion (f ⋆ g)(x) ≡ e which however is valid on a smaller domain than (1.3) . In terms of this product the exponentiated version of (1.1) reads: Generalized deformed * -products were originally introduced in [6] as a first attempt to develop a quantization of classical dynamics on phase space. In fact, such a deformed product can be defined on a vector space equipped with a constant symplectic structure. A slightly more general case is the introduction of a deformed product on a vector space on which a constant, at first, Poisson bracket is defined. It has the property that the * -commutator of two functions reduces to the Poisson bracket to first order in the deformation parameter:
[f, g] * = −iθ{f, g} + O(θ 3 ) (1.6)
A manifold on which a Poisson bracket has been defined is called a Poisson Manifold. All symplectic manifolds, on which a nonsingular two-form ω is defined, are naturally Poisson manifolds, defined in terms of the bivector Λ, inverse of −ω:
Not all Poisson manifolds are however symplectic. The general problem of finding a deformed product for a general Poisson manifold has been solved by Kontsevich [7] , at least at the level of formal series, that is, without considerations of the convergence of the series.
A noncommutative space is κ-Minkowski, defined by:
The importance of κ-Minkowski (and the origin of the name 2 ) lies in the fact that it is the homogeneous space for the quantum deformation of the D = 4 Poincaré algebra called U κ (P 4 ) [8] . This deformation of the Poincaré algebra has been originally presented in [9] by contraction 3 of a real form of the quantum anti-de Sitter algebra U q (so(3, 2)) with a procedure introduced by [11] . The choice of the generators of U κ (P 4 ) is not unique, different basic generators modify its form. Expressing its generators in the bicrossproduct basis [12] , it is possible to see that κ-Poincaré acts covariantly as an Hopf algebra on a noncommutative space whose generators obey equation (1.8). In the limit κ → ∞ (λ → 0) one recovers the standard Minkowski space, with the ordinary Poincaré group. κ-Minkowski is naturally a Poisson manifold, with bracket:
A crucial aspect of these relations is that they define a solvable Lie algebra on the generators, and this makes them particular cases of more general products.
The aim of this paper is to compare different products present in the literature, which satisfy (1.8) and show that they can be seen as generalizations of the Moyal product, or rather of the exponentiated version of eq. (1.5), based on a more general notion of Weyl system. Along the way we will develop a method for the construction of deformed products, that enable to obtain a wider class of commutation relations among the coordinate functions, reproducing Lie algebra structure with the possibility of considering central extension as well.
The paper is organized as follows. In section 2 we introduce the main tool of our investigation: Weyl systems, and generalize them. In section 3 we review a number of deformed κ-Minkowski products, and in section 4 we show that they can all be written in terms of generalized Weyl systems. Some conclusions follow. Technical details of the calculations are in the appendix.
Weyl System and maps and their Generalization

Standard Weyl Systems and Maps
The concept of what can now be referred to as a standard Weyl system was introduced by H. Weyl [13] . The main motivation at the time was to avoid the presence of unbounded operators in the quantum mechanical formalism. We will use the concept (and its generalizations presented below) as a tool to construct * -algebras whose generators satisfy some commutation relations.
We start with a brief description of the standard Weyl systems [14] . Given a real, finite dimensional, symplectic vector space S, a Weyl system is a map between this space and the set of unitary operators on a suitable Hilbert space:
with the property:
where ω is the symplectic, translationally invariant, form on S. On each one-dimensional subspace of S, this formula reduces to (α and β real scalars):
This means that, for each k, W (αk) is a one parameter group of unitary operators. According to Stone's theorem W is the exponential of a hermitian operator on H:
and the vector space structure implies that
Relation (2.2) can be cast in the form
This can be considered the exponentiated version of the commutation relations, thus satisfying the original Weyl motivation. The usual form of the commutation relations between generators can be recovered with a series expansion
In the usual identification of S with R 2n , the cotangent bundle of R n , with canonical coordinates (q i , p j ) and ω = dq j ∧dp j , this construction can be given an explicit realization
where P j and Q j are the usual operators that represents the position and momentum observables for a system of particles, whose dynamics is classically described on the phase space R 2n . This form of the operator W suggests how to relate an operator on H to a function defined on S. It reminds the integral kernel used to define the Fourier transform. It can be intuitively seen as a sort of "plane wave basis" in a set of operators 4 . Given a function f on the phase space, whose coordinates we collectively indicate with x, with Fourier transformf
we define the operator Ω(f ) via the Weyl map
Where by kx we mean k µ x µ . Ω (f ) is the operator that, in the W (k) basis, has coefficients given by the Fourier transform of f . The inverse of the Weyl map, also called the Wigner map, maps an operator F into a function, whose Fourier transform is:
The bijection Ω can now be used to translate the composition law in the set of operators on H into an associative, non abelian, composition law in the space of function defined on R 2n . For two functions on R 2n we define the ⋆ product as
For a Weyl system defined by (2.2), with ω such that ω (k, k ′ ) = k µ θ µν k ′ν , this reduces to the product defined in (1.3) or (1.4). If we consider to perform Fourier transform in a distributional sense, then it is possible to define Moyal product between coordinate functions, thus obtaining
and relation (1.1).
The deformed algebra just defined is a * -algebra 5 with norm
with · 2 the L 2 norm defined as
4 Our considerations are valid for rapid descent Schwarzian functions, and in the following we will not pay particular attention to the domain of definition of the product, discussed at length in [15] . 5 We leave aside issues of norm completeness of the algebra.
The hermitean conjugation is the usual complex conjugation. Note that it results
These two ingredients enable to give this set of functions a very important structure in the context of non commutative geometry formalism. It is possible to see that Weyl map Ω is an example of the GNS construction (see [2] ) which represents any C * −algebra as bounded operators on a Hilbert space.
Generalized Weyl Systems
In the last section we have shown how the Moyal product arises via an explicit realization of the Weyl system, in terms of unitary operators on a Hilbert space, and how it is nothing but a realization, in the space of functions, of the operator composition law. Now we show how it is possible to define a class of "deformed" products in a set of function defined on R n , without using an explicit realization of a Weyl system, thus opening the possibility for a generalization of this concept.
While we have previously considered a standard Weyl system simply as a map, now we want to consider it as a unitary projective representation of the translations group in an even dimensional real vector space. The most natural generalization is to consider the manifold R n , and ⊕, a non-abelian composition law between points. Thus R n acquires a general Lie group structure. A generalized Weyl system is the map in the set of operators W (k) with the composition rule
For the algebra to be associative it must be
Without entering into a cohomological characterization of this relation, it is enough to mention that such a ω is called a cocycle. If ω (k, k ′ ) is bilinear in both its entries, then it is necessary a cocycle. In the Moyal case ω is two-form and therefore bilinear in both entries.
Since we are looking for deformations of the algebra driven by a parameter λ, we also require that
In analogy with the Moyal case we define a map Ω from ordinary functions to formal elements of a noncommutative algebra as
where the product is
Formally using the definition of generalized Weyl systems we obtain
It is useful to write the product as a twisted convolution. In order to do this, let us define the inverse of k with respect to the composition law ⊕ 7 :
Note that we are assuming that the right and the left inverse are the same. With a change of variables in eq. (2.22)
where
| is the Jacobian of the transformation (2.25). The last equation can be cast in a more suggestive form
Comparison with (2.20) suggests to define the Fourier transform of the deformed product of f and g as:
This definition enables to write Ω(e ikx ) = W (k), and
Here 0 denotes the neutral element of (R n , ⊕).
which gives the inverse of the map (2.20) for all operators that can be "expanded" in the "plane wave" basis given by the W 's. As we claimed, it has been possible to define a product simply considering W as a formal device. Now we have given the set of function on R n a structure of algebra. It is easy to check that the neutral element of the product is W (0), which, as is usual for noncompact geometries, does not belong to the algebra, which is composed of functions which vanish at infinity; while associativity is a consequence of the associativity of ⊕.
To define an hermitean conjugation, we use the fact that for the undeformed algebra
and define the hermitean conjugate of F , defined as in eq. (2.20) as
This means that we assume, in the set of functions
The norm is defined as in (2.14). The compatibility of the hermitean conjugation with the product (2.22):
imposes further restrictions on ω and ⊕. Using the definition of hermitean conjugate we obtain:
on the other hand if we compute
where k ′ =k and k ⊕ p = ξ, then
This is a further requirement on ⊕, that makes it into a group. The Jacobian becomes
Comparing the two equations (2.35) and (2.36), we obtain sufficient conditions for compatibility
The standard Weyl-Moyal system described in the previous section is an example of this construction, with ⊕ the usual sum. Once an abstract * -algebra has been defined, it is in principle possible to construct an Hilbert space on which the algebra is represented by bounded operators. This could eventually be done with the GNS construction, enabling to recover W as explicitly realized operators.
As we said, the ⊕ has given a group structure to "momentum" space, and of course there will be a Lie algebra associated to the group. We now will argue that this Lie algebra structure is the same of the noncommutativity of the x's on the deformed space. Define first of all the generators x i 's
Product between them is (performing the integral in a distributional sense, with suitable boundary conditions)
The commutator is given by the antisymmetric combination of this product. It is possible to prove that the second term in the r.h.s. of this relation gives the structure constants of the Lie algebra defined by the Lie group (R n , ⊕):
while the cocycle term gives a central extension that can be cast in the usual form:
Finally one obtains:
In the following we will consider κ-Minkowski without central extensions, and therefore set θ = 0.
3 * -products on κ-Minkowski So far we have abstractly defined a generalization of a Weyl system. In this section we will show that these systems are a good description of some * -products in the study of the κ-Minkowski space which we briefly describe in this section. The noncommutative space κ-Minkowski is intimately related to the κ-deformed Poincaré algebra, U κ (P 4 ). This is a quantum group originally obtained in [9] , by contraction of the q-deformed anti-de Sitter algebra in the so-called standard basis. Subsequently in [12] a new basis was found (bicrossproduct basis) in which the Lorentz sector is not deformed, the deformation occurs only in the cross-relations between the Lorentz and translational sectors 8 :
and the Lorentz subalgebra remains classical:
All these commutation relations becomes the standard ones for λ → 0. The bicrossproduct basis is peculiar as κ-Poincaré acts covariantly on a space that is necessarily deformed and noncommutative. This is a consequence of the non cocommutativity of the coproduct which, always in the bicrossproduct basis, reads:
The quantum algebra (3.1) contains a translation subalgebra, and it is natural to consider the dual of the enveloping algebra of translations as κ-Minkowski space, on which κ-Poincaré acts covariantly. Because of the non cocommutative relations (3.3) the generators of the dual space do not commute, and their commutation relations is given by (1.8). The possibility that at high energies the symmetry of quantum gravity may be of the quantum kind has created some interest in the study of κ-Minkowski spaces. Deformations of the equations of motion in momentum space for free classical fields have been investigated in [17, 18, 19, 20] . The differential calculus and Dirac equation have been studied in [21, 22] . A field theory has been investigated in [23, 24, 25] , and the modification of dispersion relations due to noncommutativity has been related to astrophysical phenomena in [26] . It was argued in [27] that the κ-Poincaré Hopf algebra that characterizes the symmetries of κ-Minkowski can be used to introduce the Planck length (≃ λ) directly at the level of the relativity postulates (Doubly Special Relativity).
For the construction of a gauge theory, a * -product is a key tool [28, 29, 30] , and * products in the context of κ-Minkowski generalizing (1.8) have been presented in [23, 24] . On the other side the commutation relations of κ-Minkowski realize a Lie algebra, and hence the manifold on which they are defined is a Poisson manifold, which has been the subject of intense studies. They culminate with the proof [7] that it is always possible to define a * -product on these manifolds, albeit in the space of formal series without warranty of their convergence. In the following we will consider some * -products which define various versions of κ-Minkowski, and show how they can all be considered generalized Weyl systems. We warn the reader that however our list is not complete. Notably the product defined in [7] will not be considered in this paper. We hope to return to this problem, as well as to the problem of the equivalence of the products, in the future.
The CBH product
The first product we present is a simple application of the well known Campbell-BakerHausdorff (CBH) formula for the product of the exponential of noncommuting quantities. This * -product is actually a particular case of the general product on the cotangent space of a Lie algebra, called the Gutt product [31] . It has also been investigated in the context of deformation quantization in [32, 33, 29, 34, 24] . Let us present this product in a more general way for a set of operators satisfying a Lie algebra condition:
The CBH formula is: e iα µx µ e iβ νx ν = e iγ(α,β) νx ν (3.5)
with:
The relation(3.5) leads to the associative CBH star multiplication. The * -product defined by this formula is based on a Weyl map with the exponential of the previous expression:
Define * 1 as in (2.12):
Using the CBH formula for the a set of operatorsx µ satisfying (1.8), the infinite series of nested commutators appearing in the integral can be integrated explicitly [24] to give:
We have that e ik µ xµ * 1 e il ν xν = e ir(k,l) µ xµ (3.12)
The product among the generators is obtained differentiating twice (3.12) and setting k = l = 0:
of course these reproduce the commutation rules for κ-Minkowski space time.
The Time Ordered Product
The time ordered product is a modification of the previous one and has its roots in the bicrossproduct structure of κ-Poincaré. It has been first proposed in [35] and subsequently investigated, for example, in [36, 22, 24] . One defines the time ordering : : for which, in the expansion of a function, all powers of x 0 appear to the right of the x i 's. The relation for a time ordered exponential is:
where φ has been defined in(3.11). The relation(3.14) leads to another associative product via the map
defined as before by:
The product of two exponentials is
and the product among the generators:
The Reduced Moyal Product
This product is a particular case of a general class of * -products for three-dimensional Lie algebras, introduced in [37] , which for the κ-Minkowski case it can be easily generalized to an arbitrary number of dimensions. The idea is to obtain a product in an n dimensional space by considering it as a subspace of an higher dimensional symplectic phase space, equipped with the the usual Poisson bracket, and a Moyal ⋆ product (with deformation parameter λ). The product is then defined by first lifting the functions from the smaller space to the phase space, multiplying them in the higher space, and then projecting back to the smaller space. The form of the lift (a generalized Jordan-Schwinger map) and the canonical structure of the Moyal product ensure that this procedure defines a good * product in the smaller dimensions.
We indicate the coordinate on the phase space R 6 with the notation: R 6 ∋ u = (q 1 , q 2 , q 3 ; p 1 , p 2 , p 3 ). We need to define a map π:
or equivalently the map π * which pulls smooth functions on R 4 to smooth functions on R 6 . The map π is explicitly realized with four functions of the p's and q's, which we call x µ . The requirement is that the six dimensional Poisson bracket of x's reproduce the "classical" κ-Minkowski algebra 9 :
The * 3 product is then defined by
The fact that, after performing the (nonlocal) product in six dimensions, we are left with a function still defined using only the four dimensional coordinates is ensured by the existence of two local functions, H 1 and H 2 , with the property that
and
In other words, from the six dimensional point of view, the x's commute with the H's, and this commutation is stable under the ⋆-product, thus ensuring that if we multiply a function only of the x's, the product does not depend on the extra coordinates. Upon the identification of the parameter θ with λ we obtain a κ-Minkowski product on R 4 .
One of the possible realization of π is:
Two independent commuting functions are:
Note however that the representation (3.24) is not unique. For example the following choice works as well:
with the commuting functions
connected by a singular canonical transformation to the previous one.
We will denote the products with the choices (3.24) and (3.26) as * 3 and * 4 respectively. The explicit products between the generators are in [37] :
It may be noticed that these relations are the same as the one for * 1 in (3.13). The two products however, although similar, do not coincide for generic functions.
Weyl Systems for κ-Minkowski
In this section we will show how the various products presented earlier are particular instances of generalized Weyl systems. The starting point for the construction of the product is the identification of the W (k)'s, which enables the calculation of the particular relation (2.17) for the various cases. In other words we will give an explicit realization of the group composition law ⊕. All Weyl systems presented here have ω = 0, and in all cases a straightforward calculation verifies relation (2.40).
Weyl System for the CBH product
In this case the relation is given by the CBH product, which for κ-Minkowski has been given in eqs. (3.5-3.11). The composition ⊕ 1 can be calculated to give:
where φ has been defined in eq. (3.11). We have that
There is one check which has to be performed to ensure that ⊕ 1 defines a group. Relation (2.38) is verified with the definition
Weyl System for the Time Ordered Product
This case is similar to the previous one, and a direct calculation using the CBH relations for the time ordered exponentials give:
This momenta composition reflects the coproduct in the bicrossproduct basis, thus rendering the time ordered exponential a natural basis for the space of functions in this case. Note that :
So the product * 2 can be expressed by the choice of a different W of the * 1 product.
Weyl Systems for the Reduced Moyal products
The path to the definition of the reduced products is intrinsically different from the first two. These are defined using straightforwardly the CBH formula with a specific ordering. The reduced product instead comes from a four dimensional reduction of a six dimensional product. There is therefore no warranty that it is possible to obtain them form a four dimensional Weyl system. This is nevertheless possible.
Notice that if we were to define W as the * 3 or * 4 exponential of ik µ x µ we would find the CBH product. This is because the * commutator of the x's are all the same. We must therefore use another quantity, and we could use the ordinary exponential. Care must be taken however because this is not an unitary operator (with the hermitean conjugation defined in eq. (2.31)). So that it is necessary to normalize it. The calculations of the product of two exponentials are in Appendices A and B. We define W 3 as
From equation (A.15) we can read
Unlike all other composition laws, ⊕ 3 is the only one in which the "timelike" coordinate has a nonabelian structure:
For the * 4 case, the exponential is unitary, and it is possible to define W 4 (k) = e ikx . In Appendix B we calculate the composition rule ⊕ 4 which results:
Notice that, while the composition law ⊕ 2 is connected to the coproduct (3.3) in the bicrossproduct basis, the ⊕ 4 is related to the coproduct in the standard basis [9] :
and in particular to the symmetric coproduct for P i . The similarity goes beyond it, as the * 4 product can be written as a symmetrically ordered" product with respect to the x 0 coordinate defining:
In analogy with (4.7) we have
x 0 (4.15)
Conclusions
A noncommutative geometry is defined by a * -algebra, and deformations of the algebras of functions on a manifold are particularly important examples. In this paper we have shown that it is in principle possible to obtain noncommutative products between functions which generalize the commutation relations of Lie algebras, possibly with central extensions. This has been done generalizing Weyl systems by the substitution of the usual abelian sum with a nonabelian composition law.
We have seen that four different * -products which generalize the commutation relations of κ-Minkowski fit nicely in this framework. This enabled us to perform a comparative study of these products, and to discover several relations among them, and with the coproducts and other structures which characterize the quantum algebra κ-Poincaré. These consideration will be helpful for the ultimate goal of the construction of field theories on these noncommutative spaces.
A Calculation of the * 3 product of two exponentials
In this appendix we give some details of the calculations of the product of two (ordinary) exponential functions. We will use the following (equivalent) form of the product (1.3) for the product of two functions f, g on R 6 :
where u = (q 1 , ...p 3 ) and J denotes the antisymmetric matrix:
Let us express u = ( q, p) and introduce the following notation:
in which all vectors belong to R 3 . Using the integral form for a Moyal product (A.1), the deformed (six dimensional) product of two exponential is:
with (using (3.24) for the last step):
the arguments of the x's become
and e ik µ xµ ⋆ e il µ xµ = (2π)
Reordering the exponentials:
at this point we can make the integration in the s 1 e t 2 variables: It results alsok = −k. From relation (A.15) can be seen that the function e ikx is not unitary for the product * 3 , and to make it unitary one should renormalize it dividing by |a(k 0 , k 0 )| 3/2 , thus finding (4.8).
B Calculation of the * 4 product of two exponentials
In this second appendix we consider the map given by relation (3.26), which gives rise to the product * 4 . Again with the use of (A.1) we calculate the product among exponential functions: f (u) = e ikx , g(u) = e ilx (B.1) where x = x(u) and u, s, t are defined as in the previous appendix. We have then: 
